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ARTICLE INFO  ABSTRACT 
 

In the undergraduate Brazilian courses, the approach to experimental statistics is reduced in the 
menu so that professors have time to explain all the content. However, some methodologies are 
not used, such as Welch's ANOVA and the van der Waerden test. The objective of this work is to 
present these two techniques that are neglected, however, can contribute to more robust analyzes 
in other experiments. Using the R program four treatment variables were simulated and the 
proposed tests were applied. The results showed that these two methods can be used as good 
alternative solutions when certain assumptions are violated. Thus, these two procedures could be 
mostly explored by university Brazilian professors. 
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INTRODUCTION 
 
In different undergraduate courses such as Engineering, Economics, Administration, and others, the content of applied statistics is taught 
concisely, in order to meet the academic calendar of the Brazilian institutions. Typically, the content is divided into descriptive statistics and 
inference. Within statistical inference, there are parametric tests (those whose distribution parameter is known) and non-parametric tests. The 
parametric test used when comparing multiple groups is the Analysis of Variance (ANOVA), with its non-parametric equivalent being the 
Kruskal-Wallis test. The ANOVA is a method of comparing means. The method is used when you want to test the null hypothesis that the means 
of k groups have equal means (with k more than 2). The alternative hypothesis is that at least one group has a mean different from the others. 
Among the required assumptions, data must be collected randomly, with Normal distribution, present constant variance (homoscedasticity), and 
independence (LEVINE, et al. 2016; FONTELLES, 2012). The Kruskal-Wallis test is the non-parametric equivalent of the one-way ANOVA 
(LEVINE, et al., 2016; VIERA, 2010; DAWSON & TRAPP 2003; SIEGEL, 1979). In both the single-factor ANOVA and the Kruskal-Wallis 
test, if the null hypothesis is rejected, one must proceed to two new phases: one to verify the assumptions and the other to apply post-hoc tests to 
identify which groups differ. Different textbooks like STOCKEMER (2019), NAGADEVARA (2019), LEVINE, et al. (2016), HEIBERGER & 
HOLLAND (2015), DAALGARD (2008), BRANDT (2014), WEISBURD & BRITT (2014), FONTELLES (2012), BLACK (2019), 
WALPOLE, et al. (2009), TRIOLA (2008), MENDENHALL (1985), WONNACOTT & WONNACOTT (1980), and SPIEGEL (1978) cover the 
content of ANOVA with some addressing the Kruskal-Wallis test. However, among the books cited, some indicate that if there is a violation of 
the assumption of normality, the Kruskal-Wallis test should be used, but they do not indicate what to do if the assumption of homoscedasticity is 
violated.  
 
Welch's ANOVA can be used when the assumption of homoscedasticity is violated (ZAIONTZ, 2020). The van der Waerden test has the 
advantages of both the one-way ANOVA (when the assumptions are not violated) and the Kruskal-Wallis test (when the ANOVA assumptions 
are violated) (NIST, 2015; SPRENT & SMEETON, 2001). Therefore, this work aims to use two tests not addressed at the undergraduate level: 
the van der Waerden test and Welch's ANOVA. 
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MATERIAL AND METHODS 
 
The set of information analyzed in this article consists of a matrix with four variables which can also be called treatments (Trat1, Trat2, Trat3, 
and Trat4). The values were simulated in a random sample of size 12. The data are presented in Table 1. The simulation and analysis were 
performed in the R software, version 3.6.1, with the stats, ggplot2, and e1071 packages (R CORE TEAM, 2019). In the ANOVA one way, the 
total variation of the data is subdivided into two parts: one referring to the variations that are attributed to differences between the groups and 
another part referring to the oscillations that are attributed to differences within groups (HEIBERGER & HOLLAND, 2015). The variability 
between groups is obtained from the square sum between the groups while the variation within the groups is obtained from the square sum within 
the groups (LEVINE, et al., 2016; FONTELLES, 2012; TRIOLA, 2008). The ratio between the quadratic sum and the degree of freedom 
provides the mean square, which is used to calculate the F test, at a given significance level α. After building the ANOVA, if the null hypothesis 
is rejected, one should investigate which pairs of groups differ from each other and any possible violation of the assumptions. There are different 
tests in the literature to verify the distribution of the data, such as Shapiro-Wilk, Jarque-Bera, D'Agostino-Pearson, Shapiro-Francia, and others. 
In addition, you can use some graphic resources such as the QQ-plot. There are several tests to assess the homoscedasticity of data, such as the 
Bartlett, Cochran, Hartley, and Brown-Forsythe tests (LEVINE et al., 2016; HEIBERGER & HOLLAND, 2015; ZAR, 2014). The Brown-
Forsythe test is a robust measure for the presence of outliers, as it uses the median to obtain the absolute differences for each new value. This 
new data matrix is used to calculate ANOVA with the same degrees of freedom in the numerator and denominator, both in the F test and in 
obtaining the critical value. Welch's ANOVA can be used after the homoscedasticity test indicates that the study data are heteroscedastic, 
especially when the samples have different sizes (ZAIONTZ, 2020). The construction is based on the following equation: 
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where � is the number of groups, ��  is the sample size of the j-th group, ��

� is the sample variance of the j-th group, and �̅�  is the arithmetic mean 

of the j-th group. The test follows an �(1 − �, ��) distribution, where the degree of freedom, df, is: 
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The Kruskal-Wallis test is used when the normality assumption is violated (LEVINE et al., 2016; WEISBURD & BRITT, 2014; DAALGARD, 
2008; DAWSON & TRAPP, 2003; SIEGEL, 1979). The van der Waerden test is obtained as follows (NIST, 2015; CONOVER, 1999): 
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where �� is the sample size of the group, �� is the variance of normal scores and �̅� is the mean of normal scores. The normal scores, the average 
of the normal scores and the variance are obtained from the following equations (CONOVER, 1999): 
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where � is the total sample size, ��� is the normal percentage point function and ������ is the observation rank. This test is compared with a 

critical value, which follows a chi-square distribution, with � − 1 degrees of freedom ��(1 − �; � − 1). The null hypothesis is that the k 
distributions are equal. If the null hypothesis is rejected, then a post hoc test is applied to determine which pair(s) of means differ. If the 
difference, in module, of the average normal scores is greater than the critical range, then there is a significant difference between those pairs 
(CONOVER, 1999): 
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RESULTS AND DISCUSSION
 
For the case study with simulated data, the ANOVA table was obtained (Table 2). As the value of the calculated F statistic wa
critical value, the null hypothesis of equality of population means was rejected. Normality was inspected using 
tests (Table 3). The variables Trat2 and Trat3 were rejected in the null hypothesis in the Shapiro
Asymmetry is a measure of the lack of symmetry of a given set about the mean. Th
exposes outliers, the data distribution can exhibit some kind of asymmetry. However, a null skewness does not necessarily imp
distribution is symmetric, but rather that the values 
plots for the case study with simulated data. The first graph shows that the variables 
suspicious values, they are not above three standard deviations, as can be seen in the graph on the right of Figure 1.
 

Sample Trat1

1 9,448805
2 18,346060
3 23,182850
4 2,624464
5 19,255240
6 19,716324
7 13,238621
8 13,407086
9 13,300282
10 11,348897
11 13,823267
12 10,699515

 

Source of Variation 

Between groups 
Within groups 
Sum 

 

Group 

Trat1 
Trat2 
Trat3 
Trat4 
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RESULTS AND DISCUSSION 

For the case study with simulated data, the ANOVA table was obtained (Table 2). As the value of the calculated F statistic wa
critical value, the null hypothesis of equality of population means was rejected. Normality was inspected using 

were rejected in the null hypothesis in the Shapiro-Wilk test, but not in the Jarque
Asymmetry is a measure of the lack of symmetry of a given set about the mean. This information is relevant to the point that when the set 
exposes outliers, the data distribution can exhibit some kind of asymmetry. However, a null skewness does not necessarily imp
distribution is symmetric, but rather that the values are distributed relatively equally on both sides of the mean.
plots for the case study with simulated data. The first graph shows that the variables Trat2 and Trat4 each have one outlier. Although there are 

hey are not above three standard deviations, as can be seen in the graph on the right of Figure 1.

 
Figure 1. Box-plots for variables 

 
Table 1. Simulated data 

 

Trat1 Trat2 Trat3 

9,448805 2,329382 12,829105 3,377990
18,346060 5,483498 8,220362 7,106937
23,182850 8,841417 20,577545 11,758749
2,624464 4,827907 10,813706 10,996096
19,255240 3,324504 16,974198 19,508620
19,716324 1,823120 11,349462 8,317335
13,238621 2,100836 23,800015 9,265200
13,407086 14,305197 14,161527 11,819506
13,300282 5,744728 12,733081 8,647556
11,348897 3,400752 14,004753 8,762333
13,823267 3,588856 7,115411 8,145451
10,699515 6,965917 9,934310 7,502509

Table 2. ANOVA 
 

df SS MS 

3 657,42 219,14 
44 2070,98 47,07 
47 2728,39  

Table 3. Test results (p-values) 
 

Shapiro-Wilk Jarque-Bera 

0,730 0,929 
0,027 0,063 
0,047 0,368 
0,059 0,090 
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For the case study with simulated data, the ANOVA table was obtained (Table 2). As the value of the calculated F statistic was greater than the 
critical value, the null hypothesis of equality of population means was rejected. Normality was inspected using the Shapiro-Wilk and Jarque-Bera 

Wilk test, but not in the Jarque-Bera test. 
is information is relevant to the point that when the set 

exposes outliers, the data distribution can exhibit some kind of asymmetry. However, a null skewness does not necessarily imply that the 
istributed relatively equally on both sides of the mean. Thus, Figure 1 presents the box 

each have one outlier. Although there are 
hey are not above three standard deviations, as can be seen in the graph on the right of Figure 1. 

 

Trat4 

3,377990 
7,106937 
11,758749 
10,996096 
19,508620 
8,317335 
9,265200 
11,819506 
8,647556 
8,762333 
8,145451 
7,502509 

F-value 

4,66 
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Table 4. ANOVA of the Brown-Forsythe test 

 
Source of Variation df SS MS F-value 

Between groups 3 235,91 78,64 3,01 
Within groups 44 11449,09 26,12  
Sum 47 1385,01   

 
Table 5. Tukey-Kramer test 

 
Group 1 Group 2 Mean Standard Error p-value 

Trat1 Trat2 8,805 1,980 0,015 
Trat1 Trat3 0,210 1,980 0,999 
Trat1 Trat4 4,432 1,980 0,399 
Trat2 Trat3 9,015 1,980 0,013 
Trat2 Trat4 4,373 1,980 0,410 
Trat3 Trat4 4,642 1,980 0,358 

 
Thus, the next step is to verify the homoscedasticity of the data, using the Brown-Forsythe test (Table 4). As the value of the F test is greater than 
the critical one (3.01 > 2.82), the null hypothesis of homoscedasticity is rejected. In this case, Welch's ANOVA can be used. Welch's ANOVA 
provided the F test equal to 8.28. The critical F is equal to 3.03. The p-value was less than 0.001, which indicates that at least one mean is 
different from the others. When applying the Tukey-Kramer test, the pairs of means that were marked as different are Trat1 vs Trat2 and Trat2 vs 
Trat3. The results are shown in Table 5.  The use of the van der Waerden test found a calculated value of T1 equal to 14.28 and (p-value equal to 
0.002). The investigation to see which mean pairs differ indicates Trat1 vs Trat2 and Trat2 vs Trat3. In undergraduate courses in Brazil, the 
content of experimental statistics is briefly explored, forgetting some good methodologies. Most institutions choose to explain only the one-way 
ANOVA and, when it does not meet the necessary assumptions, the indication is to use the Kruskal-Wallis test. The Brazilian institutions fail to 
demonstrate other resources and techniques. There are other methods that can be applied, such as the use of Welch's ANOVA (which is a little 
more robust) and the van der Waerden test. As a proposal for future works, the suggestion is to use Welch's ANOVA and the van der Waerden 
test on real data, such as policy public (violence, health, education, environment, and others). 
 

CONCLUSION 
 
In this work, from simulated data, it was found that Welch's ANOVA and the van der Waerden test can be used with good results. Therefore, 
their investigation could be more used and deepened by the professors of the Brazilian institutions. 
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