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INTRODUCTION

The Mellin transform, a close relative of the Fourier Transform. The Mellin transform is related to the Fourier transform by a
logarithmic coordinate transformation (Yunlong Sheng, 1986). It may come as a surprise to encounter the Fourier transform in a
laboratory setting but in fact the Fourier transform is an essential tool of modern experimental physics and engineering. Many
experiments in the Senior Physics Laboratory assume some familiarity with the Fourier transform. The Fourier integral transform
is well known for finding the probability densities for sums and differences of random variables (Khairnar, 2012). Similarly,
Mellin Transform is also very much important in all fields of science due its properties that we have less known. It has many
applications such as quantum calculus, agriculture, medical stream, signal processing, optics, pattern recognition, radar
classification of ships, electromagnetic, stress distribution, statistics, probability (Lokenath, 2007). This transform is vast of
applications in computer science for analysis of algorithms, theory of functions, number theory, and partial differential equations
(Dave Collins, ?; http://www-history.mcs.st-andrews.ac.uk/Biographies/Mellin.html and Flajolet, 1995). Mellin-transform (MT)
method has application to antenna, electromagnetic problems. The Mellin Transform method is an extremely powerful technique
for the exact evaluation of definite integrals (George Fikioris, 2006). Also, used in hyper geometric differential equations and to
the derivation of asymptotic expansions (Bertrand, 2000). We use the Mellin integral transforms to derive different properties in
statistics and probability densities of single continuous random variable (Khairnar, 2012). Fourier Transform and Mellin
Transform are mathematically related with each other. The combination of these integral transform gives the important application
in the field of applied sciences. The Fourier Mellin Transform (FMT) is used in the optical flow; the measurement of optical flow
is one of the fundamental problems in computer vision. Fourier Mellin Transform is use in rigid image registration (Huy Tho Ho,
2006).

Definition of Two Dimensional Fourier-Mellin Transform (2DFMT)

The Conventional definition of 2DFMT using the previous paper (Sharma, 2011 and Sharma, 2014), definition is as-

FM{f(t,Lx,y)} = F(s,upv) = [0 [0 [7 [ f(tLx,y) e Ctubyp=lyv=lar dldx dy oo, (1.1)
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Where, K(t,1,x,y,5,u,p,v) = e {6t yP=1yv=1g (—o0 < t < 0),[(—0 < | < 0),x(0 < x < ), y(0 <y < ).

In the present paper, we have defined Two Dimensional Fourier-Mellin Transform in the range [0,0,0,0] to [oo, %, a, b]. Also, we
have obtained the solution of some function using the Two Dimensional Fourier-Mellin Transform in the range [0,0,0,0]
to[oo, 0, a, b].

1. Definition of Two Dimensional Fourier-Mellin Transform (2DFMT) in the range [0, 0, 0, 0] to [, x0, a, b]

The Conventional definition of 2DFMT in the range [0,0,0,0] to [0, %, a, b] using the previous paper [13, 14] definition is as
_ _ [®[(® e b —i(st+ul) , p—1,,v—1
FM{f(t,L,x,y)} = F(s,u,p,v) = fo fo fo fo f&,Lx,y) e Sy p=Iyv=lar dide dy 2.1
Where, K(t,1,x,v,s,u,p,v) = e {StHbyxP=1yv=1g (0 < t < ©0),1(0 <1 < 0),x(0 < x < a),y(0 <y < b).
2. 2DFMT for some function in the range [0, 0,0, 0] to [b, a, «, =]

3.1.If FM{f(t,l,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(t,[,x,y) then
FM{1} = —b?aP (supv) ™!

Proof: We have from (2.1) as-

FM{1} = [7 ) ) fob 1 e ist+ublyp=1yv=1d¢ d| dx dy
= fwe‘i“ dt fwe_i“l dl foaxp_l dx foby"_l dy

-1, [, BT R,
== EN R

VP

—-b
FM{1} = Su‘;

= —bYaP (supv)~?!

3.2.1f FM{f(¢t,1,x,v)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(t,[,x,y) then
FM{tlxy} = b"*1aP*1[(p + 1)(v + 1)]7 1 (su) 2

Proof: We have from (2.1) as

FM{tlxyy = [ [ [ fob tlxy e~ St+ub xp=1yv=14t d| dx dy
= [, te7t de ["le~™ dl foaxp dx foby" dy
=), - e [(e=), - S [,
AP +17 [pUHL
- [ ] [uz] [p+1] [l;+1]

pUH1gp+1

FM{tlxy} = = b"*1aP*1[(p + 1) (v + 1)] 1 (su) 2

(p+1)(v+1)s2u?
3.3. IFFM{f(t, L, x, y)}(s, u, p, v) denotes the generalized Two Dimensional Fourier-Mellin transform of f (¢, [, x, y) then
FM{t""x"y"} = [(p + ) + )] (sw) "V [nrn)?

( 1)Tl+1

Proof: We have from (2.1) as
FM{tnlnxnyn} — J‘OOO f(;’c fo‘l fob My e—i(st+ul)xp—1yv—1dt dl dx dy

FM{tnlnxnyn} — foootn —ist gt fooln —tul g1 faxp+n—1 dx fbyu+n—1 dy

[l e [, e a2

—1lS
v+nqb
2]
27 enetemi ] [ ot ] 2] 2]
nn—1Dmn-2)....3.2.1 fo eist dt]

[(ls)"
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nn—1)n—2)....32.1 fow e iul dl] [aP+n] [bv+n]

[(m)n p+nllv+n
_ 1 n' [e—lSEJ 1 n] [e—iul]oo [ap+n] [bv+n]
T asm L —is 0 @ L -iulg|Lptnllvin

e b [ 2]

T (is)nH (jw)n+l p+nl lv+n

_ pvtngp+n 2
= Comiprmermeo

nin,n,,n pVHTgPn -1 —(n+1) 2
FM{t"["x"y"} = o [(p+n)(w+n)](su) [n'n]

34. IFFM{f(t,1,x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(t, [, x, y) then
FM{e®*Plxy } = p¥ 1aP*[(p + 1)(v + 1)(is — a)(iu — b)]*

Proof: - We have from (2.1) as-

FM{eat+blxy} — fow fow foa fobeat+blxye—i(st+ul)xp—1yv—1dt dl dx dy

= J; e gt [ e L[S dx [y dy
b

e~ (isa)t1® re=(u-b)* ryp+11 Y+l
[ —(is— a)] [—(iu—b)] [p+1]0 [V+1]0
aP+17 [pv+1
- [(is—a)] [(iu—b)] [p+1] [v+1]

FM{e®*Plxy } = p¥*1aP*[(p + 1) (v + 1)(is — a)(iu — b)] ™!

3. 5. IfFM{f(t, 1, x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(t, [, x, y) then
FM{cos atcosblxy } = =b"*1a?*lsu[(v + 1)(p + 1)(s? + a®)(u? + b?)]*
Proof: - We have from (2.1) as-

FM{cos at cos bl xy} = [ [¥ foa fob cos at cos bl xy e XSt xP=1yv=1d¢ d] dx dy
= [ cosate st dt ["cosble™ xP dx [ y'dy
- St dt [ cosble™™ dl [ xP dx []y”d

= [(52:::) ((=is) cosat + asin at)]
[(u2+b2) ((~tw) cos bl + b sin bl)] [XPH] [v”:]b
=[] vl ][]
_pVHightigy

T D@D rad) W b?)
FM{cos at cos bl xy} = —b" 1aP* su[(v + 1)(p + 1)(s? + a®) (u? + b?)]?
3.6. IFFM{f (t, L, x,y)}(s,u, p, v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(t, 1, x, y) then
FM{sin at sin bl xy} = b"*2a?*?[(v + D)(p + 1)(s? + a®)(u? + b?)]?
Proof: - We have from (2.1) as-

FM{sinatsinblxy} = [ [" [ fob sin at sin bl xy e "t xP=1yv=14¢ 4l dx dy

Y —is © < —iul a b_ v
= [, sinate™" dt [ “sinble™™ dl [ "x? dx [y’ dy

ist
= [(Sz+az) ((—is) sinat — a cos at)]o

b

((—iu) sinbl — b cos bl)] [x”“] [u+1]

[(u2+b2) v+1

- [l [l 5] [
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pU+2gp+2

T D@D (2 +a?) (W +b?)

FM{sin at sin bl xy} = b"*2a?*?[(v + 1)(p + 1)(s? + a?)(u? + b?)]?

3.7. I FM{f(t, L, x,y)}(s,u, p, v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(¢t, 1, x, y) then
FM{sinat cos bl xy } = (iu)b**1a?*?[(v + D)(p + 1)(s? + a?)(u? + b?)]?

Proof: - We have from (2.1) as-

FM{sinat cosblxy} = [ [” fa fb sin at cos bl xy e ¥t D xP=1yv=14dt d| dx dy
= [, sinate™t dt ["cos bl e~ dlf x” dxf y¥dy

(( iu) cos bl + b sin bl)]

0

= [ﬁ ((—is) sinat — a cos at)] [

xP+17% v+l
[ e,
_ a i aP+17 [pv+1
- [(sz+a2)] [(u2+b2)] [p+1] [v+1]

_ pV+1laP+2(jy)
T (w+1)(p+1)(s2+a?)(u?+b?2)

(u?+b2) 0

FM{sin at cos bl xy} = (iw)b"*1aP*?[(v + 1) (p + 1)(s? + a®)(u? + b?)]?

3.8. IFFM{f (t, L, x,y)}(s,u, p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(¢t, 1, x, y) then
FM{cos at sin bl xy} = (is)b""2aP*[(v + D) (p + 1)(s? + a®)(u? + b?)]?

Proof: - We have from (2.1) as-

FM{cos atsinblxy} = [ [* foa fob cos at sin bl xy e =¥t D xP=1yv=14t dl dx dy

—_ (® —i © o —iul a b v
= [, cosate™" dt [ “sinble™™ dl [ xP dx [y dy

e ist
= [(sz+a2) ((=is) cosat + asin at)]

((—iu) sinbl — b cos bl)] [xP+1] [ ,,H]Z

[(u2+b2) p+1 v+1

_ is b aP+17 [pv+1
- [(sz+a2)] [(u2+b2)] [p+1] [v+1]

FM{cos at sin bl xy} = (is)b""2aP*[(v + D) (p + 1)(s? + a®)(u? + b?)]?

3.9. IFFM{f (t, L, x,y)}(s,u, p, v) denotes the generalized Two Dimensional Fourier-Mellin transform of f(¢t, 1, x, y) then
FM{cos at cos bl x™y"} = —b¥*"aP*"su[(v + n)(p + n)(s? + a®)(u? + b?)]™*

Proof: - We have from (2.1) as-

FM{cos at cos bl x"y"} = [" [* foa fob cos at cos bl x™y™ e =St uD xp=1yv=14gt d] dx dy

= fow cosat e”ist dt fowcos ble i d] foaxp+n—1 dx foby"+"_1 dy

= [( e (( is) cos at + asin at)]

s2+a?)

b

((=iu) cos bl + b sin bl)] [xp+n] [ v+n]

[(u2+b2) p+n v+n
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=[] [eiaml B
FM{cos at cos bl x™y™ } = —b"*"aP*"su[(v + n)(p + n)(s? + a®)(u? + b?)]?
3.10. IfFM{f(t, 1, x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f (¢, [, x, y) then
FM({sin at sin bl x™y"} = """ 1aP* "1 (py + n)(p + n)(s? + a®)(u?® + bH)]*
Proof: - We have from (2.1) as-

FM{sinat sin bl x"y"} = [ [* [ fob sin at sin bl x™y™ e~ iSHHD xP=1yv=1g1 g1 dy dy
= [sinate™t dt ["sinble~™ di ["xP*" 1 dx fobyv+n—1 dy

e—ist
= [(— ((—is) sinat — a cos at)]
0

s2+a?)
xP+n]@ ryvn b
[(u2+b2)(( iu) sin bl — b cos bl)] [ ] [v+n]0
a b ap+n bv+n
- [(52+a2)] [(u2+b2) [p+n] [v+n]
prtntlgpn+l

T ) (sZrad) @ +b?)
FM{cosat cos blxy } = bV " 1P+ (y + n)(p + n)(s? + a?)(u? + b?)]?
3.11.  IfFM{f(t,1,x,v)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f (¢, [, x,y) then
FM{coshat coshalxy } = b’ 1aP* su[(v + 1)(p + 1)(s? + a®)(u? + a®)]?
Proof: - We have from (2.1) as-
FM{cosh at cosh bl xy} = [" [ foa fob cosh at cosh bl xy e ~St+uD xP=1yv=1d¢ d] dx dy

= [ coshat e™™* dt [ coshale™™ dl ['xP dx foby" dy

b

_ 1[ e—(issa)t  —(ista)t1* 4 |:e—(iu—a)l —(1u+a)l] [xp+1] [ v+1]
2L —(is—a) —(is+a) 02 —(iu-a) —(iu+a) p+1 v+1

(Ls)zzliaz] [(“;:iaz] [‘;p_:] [l;v:ll]

_b‘li+1ap+lsu

T WD+ (2 +a?) w2 +a?)
FM{coshat coshalxy } = b" " a?*su[(v + 1)(p + 1)(s? + a®) (u? + a®)]?
3.12. IfFM{f(t,1,x,y)}(s,u, p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f (¢, [, x, y) then
FMf{cosh at sinh al xy} = (is)b"**aP*?[(v + D(p + 1)(s? + a®)(u? + a®)]?*
Proof: - We have from (2.1) as-

FM{coshat sinhal xy} = [ [ foa fob cosh at sinh al xy e i6t+DxP=1yv=1qt 4l dx dy

= [ coshate™™" dt ["sinhale™™ dl [ xP dx foby" dy

b

1[e-(sat =(ista)t1® 4 e—(iu—a)l e—((wra)l1® ryp+1 Y+l
e 2| SN

—(is—a) —(is+a) 02 —(lu-a) —(iu+a) p+1 v+1
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1 [ 2is ] 1 [ 2a ] [aP“] [b”“]
2 L(is)2-a?] 2 L(iw)2-a2]l Lp+1 ) lv+1
pUHLgP+2 g

T D+ D2 +a2) (W2 +a?)

FMf{cosh at sinh al xy} = (is)b"**aP*?[(v + D(p + 1)(s? + a®)(u? + a®)]?*

3.13.  IfFM{f(t, L, x,y)}(s,u,p,v) denotes the generalized Two Dimensional Fourier-Mellin transform of f (¢, [, x, y) then
FM{sinh at sinh al xy} = b"*1a?"3[(v + 1)(p + 1)(s? + a®)(u? + a?)]™?

Proof: - We have from (2.1) as-

FM{sinhat sinhal xy} = [" [ [* fob sinh at sinh al xy e~ xP=1yv=14¢ dl dx dy

(> . _i o ., —iul a b
= [, sinhate™* dt [ “sinhale™™ dl [ x? dx [ y*dy

1 [e—(is—a)t e—(is+a)t]Oo 1 [e—(iu—a)l e—(iu+a.)l]°O [xp+1]a [yv+1]b
0 0 0

2L —-(is—a) —(is+a) 0 2 —(iu—a) —(iu+a) p+1 v+1

=l tleral [ ]
T 2 lis)2-azl 2 liwz-a2l Lp+1] Lv+1

pU+1gp+3

= (w+1)(p+1)(s2+a?)(u?+a?)
FM{cosh at sinh bl xy} = b"*1aP*3[(v + D)(p + 1)(s? + a®)(u? + a?)]™?!

4. The tabular form of above results obtained are given as

S.N. f(t,Lxy) FM{f(t, ] x,y)}
1 1 —b?a? (supv)~t
2 tlxy b raP i (p+ D(v + D] *(su) 2

ety o [((@ + )W +n)] 1 (sw)~ "V [nln]?

4 e +blyy b aPt(p+ D + 1)(is — a)(iu — b)]™*
5 cos at cos bl xy —b"*aP isu[(v + D(p + D(s? + a®)(u? + bH)]?
6 sinat sin bl xy b**2aP* 2 (v + D(p + 1)(s? + a®)(u? + b?)]*
7 sinat cos bl xy (Wb 1aP*?[(v + D(p + D(s? + a®)@? + bH)] ™!
8 cos at sin bl xy (is)b"* 2aP* (v + D(p + 1)(s? + a®)(u? + b))
9 cos at cos bl x™y™ b aPtsul(v + n)(p + ) (s? + a?)W? + b?)] !
10 sinat sin bl x™y™ pUtHgPt L (y + n) (p + n)(s? + a?)(u? + bH)] !
11 coshat coshal xy b aP isul(v + D(p + 1)(s? + a®)(u? + a?®)]?
12 cosh at sinh al xy (is)b" aP* (v + D(p + 1)(s? + a®)(u? + a?)]™?
13 sinh at sinh al xy b 1aP3 (v + 1) (p + 1)(s? + a®)(u? + a?)]™?

Conclusion

We have obtained the solution of different functions using the definition of Two Dimensional Fourier-Mellin Transform in range
[0,0,0,0] to[w, o, a, b].
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